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Abstract

The class of subsmooth sets strictly contains the class of closed convex sets and
the class of prox-regular sets. The present paper is concerned with the study
of perturbed sweeping process differential inclusions where the moving set is
nonconvex and non prox-regular and depends both on the time and on the state.
We prove the existence of solution, in particular, under the subsmoothness of
the moving set.
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Introduction

In this paper, given a Hilbert space H, we discuss the existence of solution of
the evolution process differential inclusion of the form

u(t) € _NC(t,u(t)) (u()) + G(t,ut)) ae. tel0,T],
(D) u(t) € C(tult)) vtelo,T),

u(0) = ug € C(0,up).

In (D), C:[0,T] x H= H is a multimapping with nonempty closed values and
G :[0,T] x H = H is a multimapping with nonempty closed convex values;
by NC(t ) (-) we denote a normal cone to the set C(t,u(t)). As stated, the

set C(t,x) depends both on the time ¢ and on the state . Such differential
inclusions have been introduced, for a time-dependent set, in the form

u(t) € 7NK(t) (u(t)) a.e. t e [O,T],
(SP) u(t) € K(t) Vtelo,T],
u(0) = ug € K(0),

by J. J. Moreau [18, 19, 20] who called (SP) a sweeping process because of the
mechanical interpretation (see, e.g., [18, 19, 20]). When G is a single-valued
mapping and C(t,z) is convex, the definition of normal cone of convex sets
makes clear that (D) is a reformulation of quasi-variational inequalities. This
leads to also see, when C(¢, z) is nonconvex, (D) as an extended quasi-variational
inequality.

The study of inclusion (D) probably began with K. Chraibi’s thesis [9] with
convex sets C(t, x) in the particular space R3. The second work has been realized
in the Hilbert setting by M. Kunze and M. D. P. Monteiro Marques [16] with
G = {0} and C(t,x) convex for all t € [0,7] and all z € H. In [§], G is a
Carathéodory (single-valued) mapping, that is, measurable with respect to the
first variable and continuous with respect to the second one. Associating with
each absolutely continuous mapping y : [0,7] — H, with y(0) = ug, the unique
solution ¢(y) of the time-dependent sweeping process (with unknown mapping
w)

u(t) € — )(u(t)) + G(t,y(t)) with u(0) =uo € C(0,5(0)),

N ot
N. Chemetov and M. D. P. Monteiro Marques [8, Theorem 2], by applying
the classical Schauder fixed point theorem to the restriction of ¢ over a subtle
suitable compact convex set of mappings, proved the existence of solution of (D),
for nonconvex prox-regular and ball-compact sets C(t, 2) moving in a contractive
way with respect to the state z. To be more precise, in [8], it is assumed that



there exists an absolutely continuous function 9 : [0, 7] — H, which is monotone
increasing, and a constant L € [0, 1], such that

|d(y, C(t,2)) —d(y',C(s,a"))| < lly — /'l + 9(t) = 9(s) + Lllw — 2| (0.1)

for all ¢t,s € [0,T] with s < t and z,2’,y,y’ € H. In [4, Theorem 3.3] C.
Castaing, A. G. Ibrahim and M. Yarou obtained, under (0.1) and under the
prox-regularity and ball-compactness assumption for C(t,z), the existence of
solution for (D) when G = {0} via another method applying a generalized
version of the Schauder fixed point theorem from [15, 23]. Given t = iT/n
(with 4 = 0---,n) and €} := J(t ;) — 9(¢}'), the authors in [4] considered the
implicit scheme

ugy =uo, Uiy =Projcar,,ur,)(ui), uiy € Blui, el /(1— L))

The deep and nice arguments in [4], justifying the existence of such a point
uj | via a fixed point theorem from [15, 23], used for each fixed element z in an
appropriate subset of H, the continuity of the mapping & — proj ¢(+,+)(2) due
to (0.1) and to the prox-regularity of C(¢,x). Furthermore, with G # {0} and
C(t,z) convex and ball-compact, using a careful adaptation of their method,
the authors also showed in the same paper [4] an existence result for (D) with
delay, that is, G is an upper semicontinuous and bounded multimapping defined
on [0,7] x Cyx(—r,0) and taking on weakly compact convex values of H; by
Cu(—r,0) we denote with » > 0 the space of all continuous mappings from
[-7,0] to H; this provides in [4, Corollary 3.1] a solution for (D) under (0.1)
and under the convexity of C(t,z). Note that second order sweeping processes
with prox-regular sets are also studied in [4]. We refer to D. Azzam-Laouir, S.
Izza and L. Thibault [2] for a reduction approach of (D) to an unconstrained
differential inclusion when C(t,z) is prox-regular, G is a multimapping, and
H is finite dimensional. J. Noel and L. Thibault [22] proved the existence of
a solution for (D) in the Hilbert setting when C(¢,z) is a ball-compact prox-
regular set and G is a multimapping; the method in [22] is an adaptation of the
above implicit scheme of [4] via a result on the Holder property of the metric
projection to prox-regular set with respect to the Hausdorff-Pompeiu distance.
With the sets C(t,x) prox-regular and contained in a fixed compact set and
through the semi-explicit scheme

n n 3 n n
Uy = U0, Ujyq = Proj C(t;ﬂrl,u?)(ui - 2791‘ )

T
with ¢ € G(t?',ul'), where t]' :=i—, i =0,---,2" — 1,

2’!1
T. Haddad [14] gave another approach which yields to a proof of existence in the
Hilbert setting for (D) without the use of any fixed point theorem. The latter
scheme has been also previously used in K. Chraibi [9] in a less large context
and under the convexity of C(t,x).



In the present paper !, using ideas from [14] and [22] we provide a construc-
tive proof of existence of solution for (D) when the sets C(t, z) are ball-compact
and subsmooth. The method also allows us to relax, for the multimapping G,
the growth conditions which are assumed in [4, 14, 8]. The class of subsmooth
sets introduced in [1] strictly contains the class of closed convex sets and the
class of prox-regular sets. In the first section, we recall some variational concepts
and some properties of subsmooth sets, and we prove an upper semicontinuity
result which will be used in our development. The second section is devoted
to the aforementioned constructive proof (using no fixed-point theorem) of the
differential inclusion (D) governed by subsmooth sets C(t, ).

1 Preliminaries

Throughout the paper, H is a Hilbert space whose inner product is denoted
by (-,-) and the associated norm by || - |]. The closed unit ball of H with
center 0 will be denoted by B, and B(x,n) (respectively, B[z, n]) is the open
(respectively, closed) ball of center € H and radius n > 0. Given areal T > 0,
by Cr(0,T) we shall mean the space of all continuous mappings from [0, 7] to
H. Let S be a nonempty subset of H. For an element x € H, the real d(z, S) or
dg(z) ;= inf{||ly—z| : y € S} is the distance of  from the set S. The projection
set of x into S (or the set of nearest points of S to x) is the set

Projs(z) :=={y €S :ds(z) = ||z — y||}.

This set is nonempty when S is nonempty and ball-compact; if Proj s(z) is a
singleton, its unique point will be denoted (as usual) by proj s(z). Recall that
the subset S of (H,|| - ||) is ball-compact provided that S N rB is compact in
(H,|| - ||) for every real r > 0. Obviously any ball-compact set is norm closed,
and in finite dimensions S is ball-compact if and only if it is closed. When
y € Proj g(x), then we have © —y € N5 (y) where N§(-) denotes the proximal
normal cone of S (see (1.4) below and [11] for details).

For a nonempty interval 7 of R, we recall that a multimapping F': J = H
is called Lebesgue measurable if for each open set U C H the set F~1(U) :=
{t € J: F(t)NnU # 0} is Lebesgue measurable. When the values of F are
closed subsets of H, we know (see [7]) that the Lebesgue measurability of F is
equivalent to the measurability of the graph of F, that is,

gph F e L(J) ® B(H),

where £(J) denotes the Lebesgue o-field of J, B(H) the Borel o-field of H,
and
gph F := {(t,u) € T x H :u € F(t)}.

IThe paper is mainly the content of a work of the three authors which is a chapter of the
Ph.D. thesis [21]



For the subset S of H, €6 S stands for the closed convex hull of S, and o (-, S)
represents the support function of S, that is, for all £ € H,

a(&,5) = sup(&, y).

y€eS
The Clarke normal cone N(S;z) or Ng(x) of S at x € S is defined by
Ng(z) ={£ € H:(v) <0,Yv e T(S;z)},

where T(S;x) or Ts(x) (see [10]) is the Clarke tangent cone of S at x € S
defined as follows:

Ve > 0,35 > 0 such that
veT(S;z) <
Vo' € B(z,8) NS,V €]0,6], (z' +tB(v,e)) NS # (.

Equivalently, v € T'(S; z) if and only if for any sequence (x,), of S converging
to z and any sequence of positive reals (), converging to 0, there exists a
sequence (v, ), in H converging to v such that

Ty +tov, €S forall n e N.

We put N(S;z) = (), whenever x ¢ S. We typically denote by f : H —
RU{+0o0} a proper function (that is, f is finite at least at one point). The Clarke
subdifferential Of (z) of f at a point « € dom f := {2’ € H : f(2') < 400} (i.e.,
f(zx) is finite) is defined by

of@) = {€ € H:(¢,-1) € Nopis (. /() ) |
where epi f denotes the epigraph of f, that is,
epif ={(u,r) € HxR: f(u) <r}.

We also put df(z) = 0 if f is not finite at x € H. We denote by Dom df the
(effective) domain of the multimapping 0f : H = H, that is,

Domdf :={x € H :0f(x) # 0}.

If 15 denotes the indicator function of the set S, that is, ¥g(z) = 0if z € S
and g (z) = 400 otherwise, then

Os(x) = N(S;x) forall z € H.

The Clarke subdifferential 0 f(z) of a locally Lipschitz function f at = has also
the other useful description

Of(x) ={§ € H: (§v) < f°(u;0),Vv € HY,



where , ,
f(z;v) ;= limsup f@ +t) - flo )
’ (2 )= (z,0+) t

The above function f°(x;-) is called the Clarke directional derivative of f at x.
The Clarke normal cone is known ([10]) to be related to the Clarke subdifferen-
tial of the distance function through the equality

N(S;z) = cly(Ry0dg(x)) for all z € S,

where R, := [0, oo[ and cl,, denotes the closure with respect to the weak topol-
ogy of H. Further,

ddg(x) C N(S;x)NB  for all z € S. (1.1)

The concept of Fréchet subdifferential will also be needed. A vector £ € H
is said to be in the Fréchet subdifferential Op f(z) of f at x (see, e.g., [17])
provided that for every ¢ > 0 there exists § > 0 such that for all 2’ € B(x,d)
we have

(€,2" =) < f(2) = f(2) +ella’ — =].
It is known that we always have the inclusion
Orf(x) C Of(x).
The Fréchet normal cone N¥'(S;z) or NI'(z) of S at z € S is given by
NE(S;2) = Opips(z),
so the following inclusion always holds true
NF(S;z) c N(S;z) forall z € S.

On the other hand, the Fréchet normal cone is also related (see, e.g., [17]) to
the Fréchet subdifferential of the distance function since the following relations
hold true for all x € §

N¥(S;z) = R Opds ()

and
Ordg(z) = NF(S;z)NB. (1.2)

Another important property is that, whenever y € Proj s(x), one has
x—y e NP (S;y), hencealso x—ye N(S;y), (1.3)
since the proximal normal cone
N”(S;y) == Ry (Projg ' (y) — ) (1.4)
is known to be included in the Fréchet one.

We now recall the definition of subsmooth sets introduced in [1] (see also
[12] for various variants).



Definition 1.1 Let S be a closed subset of H. We say that S is subsmooth at
xg € S, if for every € > 0 there exists § > 0 such that

(§2 — &1, 22 — @1) > —¢l|z2 — 21, (1.5)

whenever x1,x € B(xg,0)NS and & € N(S;x;)NB. The set S is subsmooth, if
it 1s subsmooth at each point of S. We further say that S is uniformly subsmooth,
if for every e > 0 there exists 6 > 0, such that (1.5) holds for all 1,29 € S
satisfying ||z, — x2|| < and all & € N(S;z;) NB.

Since 0 € N(S;z2) N B, the set S is clearly subsmooth at xg € S (resp.
uniformly subsmooth) provided that for every € > 0 there is § > 0 such that

(1,22 — m1) < gz — | (1.6)

for all z1,29 € B(z0,0) NS and & € N(S;z1) N B (resp. for all z1,29 € S
satisfying ||z1 — z2|| < 6 and all & € N(S;z1) NB).

Let us make the connection between the subsmoothness property and other
geometrical concepts.

It has been recognized that the concept of prox-regularity of a set at a point,
developed by R. A. Poliquin, R. T. Rockafellar and L. Thibault [24], plays an
important role in variational analysis. In [1] it is proved that if a closed set
S of H is uniformly prox-regular (respectively, prox-regular at zo € S), then
it is uniformly subsmooth (respectively, subsmooth at xp). In order to give
simple examples where the converse implication fails, let us recall the concept
of subsmooth function.

Definition 1.2 A function f : H — R U {+o0} Lipschitz near xg € dom f is
called subsmooth at xq, if for any € > 0 there exists § > 0 such that for any
x,x’ € B(xg,0) and § € Of(x)

f@) = f@) + (& 2" —2) +ella’ — z].

Obviously, every function f which is of class C! on an open set U C H is
subsmooth at each point in U.

Proposition 1.1 [1] Let f : H — R be a function which is locally Lipschitz
near xo € H. Then f is subsmooth at xq if only if the set epi f is subsmooth at

(wo, f(0))-

Proposition 1.2 [1] Let S be a closed subset of H and xg € S. Then the
following assertions hold:
(a) If S is subsmooth at xq, then it is normally Fréchet regular at xq, that is,

NF(S; o) = N(S;x0).
(b) If S is proz-regular at xq, then it is normally regular at xq, that is,

NP(S;x0) = NF(S;JJO) = N(S;20).



Consider now the C! function on R defined by f(z) = —2°/3 for all € R.
With Ef :=epi f and z := (0,0), it is not difficult to see that

NF(Ef;z0) = {(z,r) eR*:x=0and r <0} and NP(Ey;z)={(0,0)},

then NT'(Ey;20) # NP(Ey;20). Consequently, the set E; is subsmooth by
Proposition 1.1 while it is not prox-regular at zg according to the assertion (b)
in Propositionl1.2.

It is worth mentioning that any C! (resp. C?) submanifold is subsmooth
(resp. prox-regular). Besides this class and that in Proposition 1.1, there are
plenty of nonsmooth subsmooth sets. For example, it is easily seen that the
nonsmooth set S := {(x,r) € R? : 2 > 0, r > —2°/3} in R? is subsmooth; note
also that it is not prox-regular at (0, 0).

The following subdifferential regularity of the distance function also holds
true for subsmooth sets:

Proposition 1.3 [12, 21] If a closed set S of H is subsmooth at xog € S, then
0ds(zo) = Ords(zo).

We now introduce the definition of equi-uniform subsmoothness for a family
of sets. The notion will be used in the proof of various results.

Definition 1.3 Let (S(q))qu be a family of closed sets of H with parameter
q € Q. This family is called equi-uniformly subsmooth, if for every € > 0, there
exists § > 0 such that, for each q € Q, the inequality (1.5) (or equivalently (1.6))
holds for all x1,x € S(q) satisfying ||z1 — x2|| < 8 and all & € N(S(q); ;) NB
(resp. &1 € N(S(q);x1) NB).

The following lemma related to subsmooth sets will be used in the next
proposition.

Lemma 1.1 Let E be a metric space and let (S(q))qer be a family of nonempty
closed sets of H which is equi-uniformly subsmooth and let a real n > 0. Let
Q C FE and qy € clQ. Then the following hold:

(a) For all (q,x) € gph S we have nddgq)(x) C nB;

(b) For any net (g;)jes in Q converging to qo, any net (x;)jes converging
to x € S(qo) in (H,||-||) with z; € S(q;) and ds(q;)(y) = 0 for every
J
y € S(qo), and any net (§;);cs converging weakly to & in (H,w(H, H))
with & € n@ds(qj)(mj), we have § € n0dg q4y) ().

Proof. The assertion (a) being due to (1.1), we have to show (b). Of
course, we may suppose that n > 0. Take any real ¢ > 0. By Definition of



equi-uniform subsmoothness choose § > 0 such that for all ¢ € E, 2/, 2" € S(q)
with ||z’ — 2”|| < § and all & € N(S(q);2') "B and " € N(S(¢);2”")NB

<£l _ Il’x/ _ x/l> 2 _€||x/ _ x//”. (1.7)

Fix any nets (g;)jes in @ converging to qo, (z;)jes converging strongly to
z € S(qo) in H with x; € S(g;) and dg(g;)(y) g 0 for every y € S(qo), where
JE€

(J,=) is a directed preordered set. Fix also any net (§;);cs converging weakly
to £ in H such that & € nddg(y,)(x;). Since z; € S(g;), the latter inclusion
means 7~ '&; € Ng(q,)(z;) NB for all j € J (see (1.2) and Proposition 1.3). Fix
y € B(x,$) N S(qo). For each n € N and each j € J, choose some y;., € S(g;)
such that

1
1950 =yl < dsay) (W) + —-

Endowing J x N with the product preorder which is obviously directed, the
family (y;,n)(j,n)esxn is a net in H. Since

1
dg(y. - —
St (W) + N (j,n)€JxN

e have ||y; n — — 0, that is, y, — strongly in H, and hence
we have [lyjn =yl <= 0. Uin | =2 Y Strongly
there exists jo € J and ng € N such that for all (j,n) € J x N with j = jo and
n > ng we have y; , € B(z,$). Put 2;, := z; for all (j,n) € J x N. Obviously

zjn — _wstrongly in H (because z; — x). So, we may also suppose that
(4,n)€JxN jeJ

Tjn € B(z,$) for all (j,n) € J x N, with j = jo and n > ng. Thus, for all
(j,m) € J x N with j > jo and n > ng we have

)
lgin — ol < § and g —all < 5.

Set & = & and ¢, := g; for all (j,n) € J x N. The net (g;n)(jn)esxn
converges to qo and the net ;)¢ njesxn converges weakly to £ in H and
N~ '¢n € Ng(g;.)(€jn) NB. Thanks to the latter inequalities above, for all
(4,n) € J xNwith j = jo and n > ng we have ||y, — ;| < with y; »,x;, €
S(gj.n), and hence according to (1.7))

(0— nilgj,ny Yjm — xj7n> 2 _5||yj,n - xjm“
or equivalently
<77_1€j,nv Yim — Tjn) S Elyjm — il
Since the net (nilgj,n)(jvn)eJxN is bounded (by the real number 1), we may pass
to the limit to obtain
(e y —x) <ely -z
for all y € B(z,3) N S(go) and hence n~1¢ € Ng(qo)(x). Further, n~1¢;, € B
for all (j,n) € J x N and this ensures n~1¢ € B. Thus, 1€ € Ng(qo)(m) NB, so
(1.2) gives n~'¢ € Opdsg(gy)(x) C Odg(qy)(2). The proof is then complete. [



Through Lemma 1.1 we can establish the following partial upper semiconti-
nuity property.

Proposition 1.4 Let {C(t,z) : (t,x) € [0,T] x H} be a family of nonempty
closed sets of H which is equi-uniformly subsmooth and let a real n > 0. Assume
that there exist a real constant L > 0 and a continuous function 9 : [0,T] — R
such that, for any x,x',y,y’ € H and s,t € [0,T]

|d(y, C(t,2)) —d(y',C(s,2")| < lly = /' +[9(t) = I(s)| + Lz — 27]].
Then the following assertions hold:
(a) For all (s,z,y) € gph C we have n0dc (s 2)(y) C nB;

(b) For any sequence (Sy)n in [0, T] converging to s, any sequence (xy)n con-
verging to x, any sequence (Yn)n converging to y € C(s,x) with y, €
C(8n,xy), and any € € H, we have

lim sup 0(67 nadC(s",ajn) (yn)) < 0(57 nadC(s,x) (y)) .

n—oo

Proof. The proof will be an application of Lemma 1.1 above. Since (a) is
obvious, we only have to prove (b). Let (sp)n, (zn)n and (y,), be as in the
statement. Extracting a subsequence if necessary, we may suppose that

lim sup o (57 778dC(sn,xn) (yn)) = nlglc}o g (57 775'dC'(sn,;cn) (yn)) .

n—oo

For any n, the weak compactness of 70dc (s, 2,)(yn) ensures the existence of
some G, € N0dc(s,, z,)(Yn) such that

<£7 <n> = 0(57 nadC(sn,zn) (yn))

Since ||, || < n by (a), a subsequence of ({,,)n (that we do not relabel) converges
weakly to some ( in H. It results that

<§7 <> = hm_>sup O’(é-a nadC(sn,mn) (yn)) . (18)

Now, observe, for each z € C(s,z), that
0 < d(z,C(sn,20n)) < d(2,C(s,2)) + [I(sn) — I(s)| + Lz, — z]|.

Since () and (s, )n converges to = and s respectively, it follows that d(z, C(sn, .Z‘n))
converge to 0. We then apply Lemma 1.1 to obtain that ¢ € n0d¢(s,.)(y). The
latter inclusion combined with (1.8) yields

limsup o (&, 10dc (s, 2.,)(Yn)) < 0(&,n0dc(s.2) (),

n— oo

which completes the proof. [J
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2 Quasi-variational inequality and subsmooth-
ness property

We show in this section under suitable assumptions that there always exists a
solution for quasi-variational differential inequality/inclusion governed by sub-
smooth sets.

We shall be dealing with two multimappings G : [0,7] x H = H with
nonempty closed convez values and C' : [0, T] x H = H with nonempty values.
In Theorem 2.1 they are required to satisfy the following assumptions:

(H1) The multimapping G is scalarly upper semicontinuous with respect to
both variables (that is, for each £ € H the function (¢,z) — (&, G(¢,x))
is upper semicontinuous), and for some real « > 0

d(0,G(t,z)) < a
for all t € [0,T] and z € H;

(Ho) For all t € [0,T] and x € H, the sets C(t,x) are nonempty and equi-
uniformly subsmooth (with parameter (t,z) € [0,7] x H);

(Hs3) There are real constants Ly > 0, Ly € [0, 1] such that, for all ¢,s € [0, 7]
and z,x’,y,y € H

ld(y,C(t,x)) —d(y',C(s,a"))| < lly = y/|| + L1t — s| + Laflz — 2||.

(H4) For any bounded subset A C H, the set C([0,T] x A) is relatively ball-
compact, that is, the intersection of C([0,T] x A) with any closed ball of
H is relatively compact in H.

Of course the inequality condition in (#H3) is equivalent to
|d(y,C(t,x)) — d(y,C(s,2"))| < L1t — s| + La|lx — 2'||
for all t,s € [0,T] and z,2',y € H.

Theorem 2.1 Assume that H is a Hilbert space and that (H1),--- ,(H4) hold.
Then, for any ug € H with ug € C(0,uq), there exists a Lipschitz continuous
solution u : [0,T] — H of the differential inclusion

u(t) € fNC( ) (u(t)) + G(t, u(t)) a.e tel0,T),

(D) tou(t
u(t) € C(t,u(t)) vt € [0,T], u(0) = uo,

with ||a(t)|| < %Jﬁl a.e. t€1[0,7T).

11



Proof. For each integer n > 1, we consider the partition of [0, 7] with the
points

T
n=k—, k=01, ,n.
n

For each (t,z) € [0,T] x H denote by ¢(t,x) the element of minimal norm of
the closed convex set G(t,z) of H, that is,

g(t, ) = proj g, (0).

Put zf := ug € C(tf, uo).

Step 1. We construct 23, «7, - -,z in H such that foreach k = 0,1, -+ ,n—
1, the following inclusions hold
Tiy1 € Cthyr,2%) (2.1)
n T n n n n
xy, + gg( k) — Ty € Neap, o) (@), (2.2)

along with the inequality ||z} — 23| < (L1 4+ 2a)L, and for k=1,--- ,n—1
n n T n T
124 = @kl < (L1 +20) — + Loflzi — 2. (2.3)
The ball-compactness of C'(t7,x}) ensures that we can choose
zy € Proj C(t?,z{})(‘mo + EQ( OaCUo))

and hence
zy € O(tY, zg)

n T n n n n
xy + gg(toﬁco) - e NC(t?,zg)(zl) by (1.3).

On the other hand, using ||g(¢f, z7)|| < «, in view of hypothesis (H1) we have

T T
ot — < ot = (at + gt w8) | + | otts, at)

= d(xo + Eg(tmmoho( 1,%)) + Hgg(toﬂco)

T T
< d(af + —g(th.a8), C(t5,23) ) + Lalth — 851+ || —g(t5 at)

T T
<2H* a1, =
< ng( 0-%6)|| + L1 "
T
< (L1 —|—2a>—. (2.4)
n
Now, suppose that, for 0,1,--- ,k, with & < n — 1 the points «§,z7, -, z}

have been constructed, so that properties (2.1), (2.2) and (2.3) hold true. Since
C(t},,x}) is ball-compact, then we can find

. T
Tip1 € Projeap, ap) (mZ + gg(t& mZ))a
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and therefore,
2y € Ot o),

n T n n n n
Ty + 59(151@79%) — Ty € Nc(tg+l,z;)($k+1) by (1.3).

By (H1) and (H3), we get

”mk+1 — x| < ka+1 - (f% + EQ( k7xk))H + Hgg(tkaxk)
= d(xk + Eg(tmxk)vo(tk-s—hmk)) + HEQ( K Th)

< d(% + 59( ki) O( k,xk—l)) + HEQ( K Tr)

+ Latiyn — ti| + Lallef — 2 ||

T T
<2a— + L1— + Lo|jlzp — z}_4]|-
< 2a— + 1 + Loz — 24 |
The finite sequence =,z - - - , ) satisfying (2.1), (2.2) and (2.3) is then con-

rn
tructed by induction.
Fix any k =1,--- ,n — 1. We observe that

|21 — 2l < 20‘g + ng + La||z) — x|
T T T T
<2a—+Li—+ Lo (204— + Li— + Lo||z}_4 — 95272“)
n n n n
T T 2 n n
= 20‘5(1 + L) + ng(l + L2) + Ly ||z — 2o,
thus, we deduce that
n n T 2 k—1
e — 7l < 200 (14 Ly + L3 4+ LE)
T
+Li—(1 + Lo+ Lo% 4 -+ LE Y 4 LE||27 — 22|
T
= E(Qoz + L)1+ Lo+ L34+ LY + LEa? — 22
From this and from (2.4) it follows from that
n n 2 k T
2k — 2kl < Qo+ L)1+ Lo+ Ly + -+ Ly) —,

and since 0 < Lo < 1, it results that

20[+L1T

_— 2.
I, n’ (2.5)

[ — 2l <

13



and the latter inequality still holds true for £ = 0 according to (2.4). Further
fork=0,---,n—1,

ek ll < lwgpen — il + ek —af_oll + -+ 2y — 25 + ll2g]

2a—|—L1 T
20 + L
< luoll + 1_7112171 =B (2.6)

Step 2. Construction of uy(-).
For any t € [t}, )] with &k =0,1,--- ,n — 1, put

o —t t—n

Yk k

Up(t) := PT— xy P tan_H.
k+1 Lk k+1 Uk

Thus, for almost all ¢ € [t7, 1}, ],

n n
l’k xk+1 o n

—f(wZ - xZ+1)'

un(t) = -
ey —te tipn — 1

By construction, (2.1), (2.2), (2.3) and the latter equalities give
un(thy1) € C(t;ﬁrl,un(tg)) (2.7)

_an(t) EN )) (un(tZJrl)) - 9(t27un(t2)) a.e. t e [ k> Z+1[ (2'8)

Oty un ey

with (by (2.5))

. n., . n L1+ 2a
[in (t)]] = TH% -zl < 1-1, =: M. (2.9)
Put ; [ [
L iy i te tz,tz_i_l
on(t) = { moif =T,
and

ba (1) "{ T it t=T

Observe that for each ¢ € [0, 77, choosing k such that ¢ € [t7, ¢}, [ if t <T and
k=n-—1ift=T, we have

T
10, () —t| < |tg 1 — ti| = —, 50 6,(t) =t as n — +o0,
n

and similarly 6,,(t) — t as n — +oo. Further, the definitions of §,,(-) and 6,,(+)
combined with (2.7) and (2.8) yield

(0 (1)) € C(@n(t), Un (5n(t))> for all ¢ € [0, ] (2.10)
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~in(0) € oy ) (500) (un (Hn(t))) - g(én(t), Un, (5n(t))> aete0,T].
(2.11)
Step 3. Convergence of a subsequence of (u,(+)) to some absolutely contin-
uous mapping u(-).
Fix any t € [0,7] and consider, for any infinite subset N C N, the sequence
(un(t))nen. It follows from (2.6) and (2.10) that

un (0(1)) € C’(Gn(t),un (5n(t))> N BB,

which implies that w,(6,(t)) € C([0,T] x BB) N fB. By (H4) the sequence
(un(0,(t))) is relatively compact, so there is an infinite subset Ny C N such
that (un (05 (t)))nen, converges to some vector I(t) € H. Putting h,(t) :=
Un (0 (t)) — uy(t) for all n € Ny, by (2.9), we obtain

n—oo

0 (1)
[hn ()] S/t [in(s)llds < M(0n(t) =) — 0.

Then, (un(t))nen, converges to I(t), thus the set {un(t) : n € N} is relatively
compact in H. The sequence (uy)nen being in addition equicontinuous accord-
ing to (2.9), this sequence (up)nen is relatively compact in Cy(0,7), so we
can extract a subsequence of (uy,)nen (that we do not relabel) which converges
uniformly to some mapping u on [0,7]. By the inequality (2.9) again there is
a subsequence of (y)nen (that we do not relabel) which converges weakly in
L%(0,T) to a mapping w € L%(0,T) with |w(t)|| < M a.e. t € [0,T]. Fixing
t € [0,T] and taking any ¢ € H, the above weak convergence in L2 (0, T) yields

T

T
lim [ (g ()E, it (s))ds = / (Lo, ()6, w(s))ds,
0 0

n—oo

or equivalently

lim <f,u0+/0 un(s)ds>:<§,u0+/0 w(s)ds).

n—oo

This means, for each ¢t € [0,7], that u,(t) — uop + fgw(s) ds weakly in H.
n—oo

Since the sequence (uyn(t))nen also converges strongly to w(t) in H, it ensures

that u(t) = wo + fot w(s) ds, so the mapping u(-) is absolutely continuous on

[0,T] with & = w. The mapping u(-) is even Lipschitz on [0,7] with M as a

Lipschitz constant therein.

Step 4. We show now that u(-) is a solution of (D).
Let z,(t) := g(6n(t), un (0, (¢))) for all t € [0,T]. Since

lg(8, (), un(6,(t))|| < foralln e Nandt e [0,T],

we may suppose (taking a subsequence if necessary) that the sequence (z,(-))
converges weakly in L% (0,T) to a mapping z(-) € L% (0,T) with ||z(¢)| < « a.e
t€[0,T].
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For all ¢t € [0,T] we have u(t) € C(t,u(t)). Indeed, by (H3) and (2.9)

a(un(®), C(t,u(t))
< Nun(8) = wn (0n (6)) 1| + Laft = 0n(8)] + Lallu(t) — un (5a(2))]]
S (M + L)t = 0 (8)] + L2 M6 (t) — t] + Lalu(t) — un(t)],

then

d(un (1), Ot u(t))) — 0, 50 d(u(t), C(t, u(t))) = 0 and u(t) € C(t,u(t)).

Further, from the inequality ||, (t) — z,(¢)]] < M + o =: v a.e. and from
the inclusion (2.11) it follows for a.e. t € [0,7] that, according to (1.2) and
Proposition 1.3,

—ty () + 20 (t) € N (en(t),un (w))) (un(on(t))) (B (2.12)

C
- vadc(en(t),un (&L(t))) (un (Qn(t))>, (2.13)
Z(t) € G(&n(t),un ((5n(t))>. (2.14)

Since (—ty, + 2n, 2n)n converges weakly in L% ;(0,7) to (=i + 2,2), so by
Mazur theorem there are

&n €co{—tg+25:q>n}and ¢, € co{z,:q>n} (2.15)

such that (&, ¢,)n converges strongly in L%, (0, T) to (—i+ z, z). Extracting
a subsequence if necessary we suppose that (£,(:),Cn(+))n converges a.e. to
(—=a(-) + 2(-),2(-)). Then, there is a Lebesgue negligible set S C [0,7] such
that, for every ¢ € [0,T]\S, on one hand (&,(t),(n(t)) — (—u(t) + 2(¢), 2(t))
strongly in H, and on the other hand the inclusions (2.12) and (2.14) hold true
for every integer n as well as the inclusions

—u(t) + 2(t) € ﬂ@{ — Ug(t) + 24(t) 1 ¢ > n} and z2(t) € ﬂ@ {zq(t) iq > n}

It results from (2.12) and (2.14) that for any n € N, any ¢t € [0,7] \ S, and for
any y € H

(1 =in(0)+ 20(0)) < (1200 _ (et 6.0))  @w)

and

(y, 2n(t)) < a(y,G(zSn(t),un((Sn(t)))). (2.17)
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Further, for each n € N and any ¢t € [0, T]\S, from (2.15) we have

<y,§k(t)> < sup <y, —tg(t) + Zq(t)> forall k > n
qz>n

and
<y, Ck(t)> < sup <y, zq(t)> for all k > n,
q>n

and taking the limit in both inequalities as k — 400 gives through (2.16) and
(2.17)

<ya —u(t) + z(t)> < sup <y, _ﬂq(t) + Zq(t)>

qzn

= 3;5 7 <y, Vadc <9q(t),uq (5,,@))) (uq (6a(1)) >>

and

<y, z(t)> < sup <y, zq(t)> < supo(y, G(éq(t),uq(6q(t)))>,

q> q>n

which ensures that

n—+oo

(v, —u(t) + 2(t)) < limsupo (y 79d (en(t)’un (Mt))) (un (9n(t)))>

and

(y,2(t)) <limsupo (y, G(én(t), Up (6n(t))>> ,

n—-+oo

Observe also by (H3) and Proposition 1.4 that the multimapping
gph C 3 (t,z,z") = dde (0 (2)

takes on weakly compact convex values and is upper semicontinuous from gph C'
into (H,w(H, H)), hence for each y € H the restriction to gph C of the real-
valued function

(ta €, Jfl) = O-(y7 ’Y@dc(t7x) (‘T/))

is upper semicontinuous on gph C. Further, the extended real-valued function
(t,z) — o(y,G(t,x)) is also upper semicontinuous on [0, 7] x H by assumption
(H1). Since

(Gn (), un(6n(t)), un (971(t)) €gphC for alln,

it follows from the two latter inequalities that, for every ¢ € [0, 7]\ S and every
yeH,

<y, —u(t) + z(t)> < J(y, vﬁdc(t’u(t)) (u(t)))

and

(v.2(0) < o (3, G(tul®) ),
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which ensures that —u(t) + z(t) € y0de(tu@))(u(t)) and z(t) € G(t,u(t)), and
consequently
u(t) € _Nc(t,u(t)) (u(t)) + 2(t) ace. |

2(t) € G(t,u(t)) ae. ,

with
[a(t) = z(@)] < v
The proof is then complete. [

We turn now to the case where (in place of (H3)) the variation of C' with
respect to the time ¢ is absolutely continuous, that is, there exists an absolutely
function 9 on [0, 7] with ©¥#(0) = 0 such that

(Hy) d(y,C(t,2)) —d(y',C(s,2")| < [ly = y/'ll +[9(t) — 9(s)| + Ll|z — 2|

for all ¢t,s € [0,T)], z,2',y,y" in H. Note that, if there is an absolutely con-
tinuous function v : [0,7] — R satisfying the above inequality, putting ¥(t) =
f(f (|o()| + €) dr, the function ¥ fulfills the same inequality as well as the con-
ditions 9(0) = 0 and J(-) > w with w :=¢ > 0.

Theorem 2.2 Assume that H is a Hilbert space, that (H1), (H2), (H5), and
(H4) hold. Then, for any ug € H with ug € C(0,uq), there exists an absolutely
continuous solution u : [0,T] — H of the differential inclusion (D).

Proof. According to what precedes the statement of the theorem, we may
and do suppose (in addition to the equality ¥(0) = 0) that there is some real
w > 0 such that ¥(-) > w > 0. The absolutely continuous function ¥ is then
increasing and admits an increasing continuous inverse 9! : [(),ZA“] — 10,77,
where T := ¢(T). Further, 9~ is Lipschitz. Indeed, taking § = 9(s), f = 0(t)
in [0,7] with § <  we can write

IYE -9 (8 =t —s<w! / D(r)dr =w™ (I(t) —I(s)) =w | - §|.

Now for each 7 € [0,T] put

~

C(r,z):==C(0 " (r),z) and G(r,z) = G (7))

and note that

~

A, 8(r,2)) — d(y, O, )] < [971(7) = 94 ()] + Lalle — o'
<w T =1+ Ly|lx — 2.

By Theorem 2.1 the differential inclusion (D) associated with C and G in place of
C and G and with initial condition ug € C(0,ug) (note that C(0,ug) = C(0,ug))

~

admits at least a Lipschitz solution. Let U be a solution of (D) on [0, 7] and set
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u(t) := U(¥(t)) for all ¢ € [0,T]. This mapping w is clearly absolutely continuous
and for almost all ¢ € [0,7] we easily see (in a standard way) that

du dv .
Wity = v (o0)). (218)

From this and what precedes it is not difficult (as, e.g., in the proof of [13,
Theorem 5.1]) to derive that u is a solution of (D). O

Assuming as in the above proof that J(-) > w > 0, then (2.18) combined
with Theorem 2.1 easily provides estimate for H%‘(t)“

The next theorem proves the existence of solution on the whole interval
Ry := [0, +o00[. This requires to replace the above assumptions Hy, Ha, H5, Ha
by Gi,---,G4 when the time describes Ry. In such a context the solution will
be locally absolutely continuous.

Theorem 2.3 Let G : Ry x H = H be a multimapping which is scalarly upper
semicontinuous with respect to both variables. Assume that H is a Hilbert space,

that Gy, Ga, G3, G4 below hold:

(G1) There exists a non-negative function B(-) € LS (Ry) such that

loc
d(0,G(t,z)) < B(t)
forallt e Ry and x € H;

(G2) For allt € Ry and x € H, the sets C(t, z) are nonempty closed in H and
equi-uniformly subsmooth (with parameter (t,z) € Ry x H);

(G3) There are a real constant Ly € [0,1] and a locally absolutely continuous
function ¥ on Ry such that, for allt,s € Ry and x,2’,y,y' € H

|d(y, C(t,2)) —d(y', C(s,2"))| < |l =yl +19(t) = (s)| + Laflz —';

(G4) For any real 7 > 0 and any bounded subset A C H, the set C([0,7] x A)
18 relatively ball-compact.

Then, given ug € H with ug € C(0,uo), there exists a mapping v : Ry — H
which s locally absolutely continuous on Ry and satisfies

u(t) € 7NC(t,u(t)) (u(?)) + G(t,u(t)) ae teRy,
(Dr,) u(t) € C(t,u(t)) vt € Ry,

u(t) =g + [ a(s)ds Vt € Ry.

Proof. Put T, =k for all k € {0} UN. It will suffice to prove that Theorem
2.2 applies on each interval [T}, Tj11].
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According to assumptions Gy,Gs,Gs, Gy we have that Hq, Ha, Hj, Ha hold
on the interval [Ty, T1]. Since ug € C(Tp,up), by Theorem 2.3 there exists an
absolutely continuous mapping u° : [T, Ty] — H such that

u0(t) € _NC(t,uO(t)) (uO(t)) + G(t,ul(t)) ae te [Ty, T,

u®(t) € C(t,u’(t)) Vt € [To, Tn],
u(Tp) = up.

Suppose u°, - ,u*~! have been constructed such that, for [ = 0,--- ,k —

1, u! : [T}, Ti41] — H is absolutely continuous, u!(T}) = u'~}(T}), u'(t) €
C(t,u(t)) for all t € [T}, Ty41] and

ul(t) € =N

C(t,ul(t)) (UZ (t)) + G(t7 ul(t)) a.e t€ [T‘l, jjl_;,_l].

In an analogous way as above, the hypotheses Gy, Go, G3, G4 ensure that Hy, Ho, Hf, Ha
hold on the interval [T, Ty 1] and we have u*~1(T},) € C(Ty,u*~1(T})). It fol-

lows from Theorem 2.2 that there is an absolutely continuous mapping u* :

[Tk, Tk+1]) — H such that

'llk(t) € _NC( )(uk(t)) + G(t,uk(t)) a.e t e [Tk,Tk+1],

t,auk(t)
uk(t) € O (t,uk (1)) Vt € [Tk, Ts1), (2.19)
uk(Tk) = uk_l(Tk).

So, we obtain by induction u* for all k¥ € {0} UN with the above properties.
Let u : Ry — H be the mapping defined by

u(t) :=uP(t) for all t € [Ty, Ty1] with k € {0} UN.

It is easily seen that w is locally absolutely continuous on R,. Therefore, it
results from (2.19) that

u(t) € _NC(t,u(t)) (u(t)) + G(t,u(t)) ae teRy,
u(t) € Ot u(t)) Vt € Ry,
u(0) = u®(Tp) = uo.

This finishes the proof of the theorem. [J

As direct consequences of Theorem 2.2 and Theorem 2.3 we obtain below
Corollary 2.1 and Corollary 2.2 respectively.
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Corollary 2.1 Let G : [0,T] x H = H be a multimapping which is scalarly
upper semicontinuous with respect to both variables. Assume that H is a finite
dimensional Fuclidean space and that the assumptions below hold:

e There exists a positive real number o such that
d(0,G(t,z)) < a
for allt € [0,T] and x € H;

e Forallt € [0,T] and each x € H, the sets C(t,x) are nonempty closed in
H and equi-uniformly subsmooth (with (t,xz) € [0,T] x H as parameter);

e There are a real constant Lo € [0,1] and an absolutely continuous function
¥ on [0,T] such that, for all t,s € [0,T] and z,2',y,y' € H

|d(y, C(t,2)) —d(y',C(s,2) | < lly =y +19() = 9(s)| + Le ]|z = ']|.

Then, given ug € H with ug € C(0,up), there exists a mapping w : [0,T] — H
which is absolutely continuous on [0,T] and satisfies (D).

Corollary 2.2 Let G : Ry x H = H be a multimapping which is scalarly
upper semicontinuous with respect to both variables. Assume that H is a finite
dimensional Euclidean space and that the following assumptions hold:

o There exists a non-negative function B(-) € LS. (Ry) such that

d(0,G(t,z)) < B(t)
forallt e Ry and x € H;

o For allt € Ry and each x € H, the sets C(t,x) are nonempty closed in
H and equi-uniformly subsmooth (with (t,z) € Ry as paremeter);

e There are a real constant Ly € [0,1] and a locally absolutely continuous
function 9 on Ry such that, for allt,s € Ry and z,2",y,y' € H

Ay, C(t.2)) —d(y/ . C(s.2))| < lly— /|| +9(2) ~9(s)| + Lallz—a].

Then, given ug € H with ug € C(0,ug), there exists a mapping u: Ry — H
which is locally absolutely continuous on Ry and satisfies (Dg, ).

Finally, when H is separable, in all the above results, the scalar upper semi-
continuity of G with respect to both variables can be replaced, through appro-
priate reformulations, by the separate measurability of G with respect to ¢ and
the scalar upper semicontinuity with respect to x. Indeed, using a growth con-
dition in place of (H1) it suffices as in [5] (see also [13, Theorem 4.1]) to apply
the version of Scorza-Dragoni theorem (for separately measurable and scalarly
upper semicontinuous multimapping) and the version of Dugundji extension
theorem (for upper semicontinuous multimapping) (see, e.g., [3]).
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